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DEDICATED PORTFOLIO SELECTION
A development that parallels research on immunization is the recent introduction of optimization, or mathematical programming, models for dedicated portfolio selection. These are data driven models that allow financial managers to explicitly minimize the cost of assembling or re-asembling a portfolio to meet future requirements or liabilities, subject to constraints on the bonds' attributes. Duration may be included as an attribute to be constrained.
Most large brokerage houses now employ some type of mathematical programming model for dedicated portfolio selection. To date, these have been exclusively deterministic models that assume all data pertaining to the future, including interest rates, are known with certainty. Uncertainties are examined indirectly by sensitivity analyses, or by performing scenario tests on key parameters, such as interest rates, to see how the optimal solutions vary. While these approaches have their value, the analysis is incomplete because each model optimization assumes there is only one scenario of the future, and moreover that it will occur with certainty.
In this paper, we demonstrate how mathematical programming models for dedicated portfolio selection can be extended to explicitly treat uncertainties and risk. Specifically, we will develop stochastic programming with recourse models that allow a dedicated portfolio manager to consider simultaneously multiple scenarios of an uncertain future. The models calculate optimal DEDICATED PORTFOLIO SELECTIONcontingency plans for each scenario which in turn are explicitly considered in the calculation of an optimal here-and-now purchasing (and/or selling) strategy for the portfolio. In effect, the here-and-now strategy is an optimal hedge against future uncertainties, taking into account the contingency plans that have been predetermined for each scenario.
Stochastic programming allows a direct and intuitive modeling of uncertainties. The results these models produce are not dependent upon assumptions about parallel shifts in the yield curve, or any other restrictive assumptions about underlying probability generating structures. Moreover, uncertainties are not limited to interest rates. Any combination of factors is allowed. All that is required is an objective or subjective forecast or assessment of the scenarios to be considered and their associated probabilities.
The modeling approach for dedicated portfolio selection that
we propose here appears new. Bradley and Crane (1972)6 report on a stochastic programming model for managing bank bond portfolios that is similar in spirit to ours, but which predates recent developments in fixed income and dedicated portfolio research.
Moreover, our models are in part an outgrowth of large scale deterministic models for dedicated portfolio selection that are currently in ctive use by brokerage houses.
In the following section, we review deterministic mathematical programming models for dedicated portfolio selection. In the DEDICATED PORTFOLIO SELECTIONsection after that, we extend the deterministic models to stochastic ones. We then illustrate the stochastic programming approach with a numerical dedicated portfolio selection problem.
The paper concludes with remarks about future research.
DETERMINISTIC MATHEMATICAL PROGRAMMING MODELS
In this section, we review deterministic mathematical programming models for dedicated portfolio selection. The basic model we present determines a minimal cost purchasing strategy for bonds whose income streams are used to meet forecasted cash requirements or liabilities. After that, we discuss briefly extensions of the basic model. At the end of this section, we discuss practical implementations of these models. In the following section, the models are extended to stochastic models that explicitly treat uncertainties. where tij is the value of the attribute associated with bond j, and b i is its target value. Attribute constraints may include one or more duration constraint.
Basic Model
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Similar constraints may be added limiting the proportion of the portfolio invested in a specified industry to no more than or no less than a specified percentage. Zero-one constraints on the dj can limit the number of individual bonds in the entire portfolio, or limit the number of bonds from a specified subset of the universe of bonds. The basic model can also be easily modified to impose the condition that the bond quantities be bought in integer lots between the limits qj and Qj. 
STOCHASTIC PROGRAMMING MODELS
The models discussed in the previous section assume that all data pertaining to dedicated portfolio planning is known with certainty. In other words, the models consider a single, deterministic scenario of the future. We relax this assumption by explicitly modeling multiple scenarios of the future, each with an associated probability of occurrence. Although only one of DEDICATED PORTFOLIO SELECTION these scenarios will actually occur, our analysis proceeds by computing optimal contingency plans for all of them. This information is then used to compute a here-and-now bond selection strategy that optimally hedges against the contingency plans.
The type of model just described is called stochastic pro- In the discussion that follows, we present examples of stochastic programming models for dedicated portfolio selection.
The examples are small, but not trivial, and were chosen to illustrate the types of questions that can be asked and answered by the models. The examples are merely selections from a large family of possible models for analyzing dedicated portfolio problems. A numerical example of our models is discussed in the following section.
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EXTENSIONS TO THE BASIC MODEL
We begin with a discussion of the new indices, parameters and variables that we need to add to the deterministic model of the previous section.
New Indices: For each scenario k, the constraints (2c) for tt +1,...,T are the probabilistic liability constraints to be satisfied.
Unlike the deterministic case, we cannot be sure that the liabi- Note also that, unlike the deterministic model where-the analyst may feel obliged to assume conservatively low reinvestment rates, in our stochastic programming model, the forecasted rates akt can and should be used in each scenario.
Incorporating Call Options
A major concern of financial planners during times of high interest rates is the possibility that bonds with call options will in fact be called when interest rates decline sufficiently.
Thus, if a low interest rate scenario actually comes to pass, the planner may suddenly be faced with large amounts of surplus cash that need to be reinvested, but at lower yields than would have been received from the coupons of the called bond.
The basic model described above can be readily extended to incorporate the uncertainties associated with call options. The analysis permits the planner to decide here and now whether the risk associated with a call option inhibits the purchase of the bond.
For expositional simplicity, we assume that only one bond, say bond j = jl, has a call option. Moreover, we assume that the call option will be realistically exercised only under one scenario, say scenario K which we can assume to be the low cost scenario. Again for expositional simplicity, we assume that bond jl will be called during this scenario in period t* 2> t*+l if it is ever to be called. We let rjl, t denote the premium rate at which the bond is called in this period. 
Stochastic Programmina Methodologies
We complete this section with three comments about stochastic programming models and methods for optimizing them as they relate to the dedicated portfolio selection models just discussed. First, the reader may have noticed that the uncertainties about interest rates were abruptly resolved at the start of period t*+l, after which we knew with certainty which of the three scenarios obtained for the remainder of our planning horizon. This was clearly a gross oversimplification of the way in which forecasts about interest rates are determined and evolve.
The simplification can be justified, at least in part, by the fact that we are mainly concerned with an optimal here-and-now portfolio selection. Thus, we may be willing to accept the simplification because it nevertheless provides us with useful information about future contingency plans upon which we base our
here-and-now hedging against the uncertainties.
On the other hand, if we decide that the simplification is overdrawn, we can choose to extend the stochastic programming model to one with more stages during which the interest rates evolve in a probabilistic manner. Figure 1 contains a tree depicting such a multi-stage evolution of interest rates.
In any event, whether or not we are willing to accept the simplication inherent in the model described above, that model can be viewed mathematically as an approximation to more complex models in which the scenarios are played out in more detail. The interest rate scenarios that we know with certainty starting in period t*+l in the above model are the mathematical expectations of probabilistic interest rate forecasts stretching out until the end of our planning horizon. In short, the model developed above is but one in a series of stochastic programming approximations that we could develop for analyzing the effect of interest rate uncertainties on dedicated portfolio selection strategies. More DEDICATED PORTFOLIO SELECTION research is required to understand the nature of these approximations and how best to apply them to dedicated portfolio selection problems.
Secondly, we have not addressed in our model development how one proceeds from a descriptive forecasting model of interest rates and liabilities to scenarios in a stochastic programming model. Space does not allow us to discuss these techniques, although they are obviously important to our model construction.
It suffices to say that effective techniques for extracting scenarios from forecasting models do exist and could be readily 
ILLUSTRATIVE EXAMPLE
We illustrate the stochastic programming models discussed in the previous section with a numerical example. The example involves the 8 bonds displayed in Table 1 and the liability stream displayed in Table 2 . For simplicity, we have assumed the liabilities are known with certainty and that it is uncertainty aboaut interest rates that drives the analysis. Notice that bond 8 has a call option starting in year 4. A premium of 3.2 points will be given if the bond is called at the end of year 4; the premium declines linearly until the maturity date at the end of year 12.
Interest rate uncertainties and the possibility that bond 8 will be called are the two stochastic elements that we wish to explicitly model. Table 3 lists the three interest rate scenarios that we will consider. For expositional simplicity, we assume that the only scenario under which bond 8 will be called is scenario 3. Moreover, the only period in which it may be called is period 7; we assess a probability of .5 that it will be called in that period.
Given this description of the uncertainties, our 15 year planning horizon is broken into three stages: the first stage consisting of the first three years during which all data is known with certainty; the second stage consisting of years 4, 5, 6 during which we know which interest scenario has occurred but do not know whether or not bond 8 will be called; the third stage BOND DATA All bonds have maximum purchase quantity equal to 50,000, conditional minimum purchase quantity equal to 10,000.
* Bond callable starting in year 4. Table 4 .
STOCHASTIC PROGRAMMING EXAMPLE
LIABILITY STREAM
At zero risk, that is, when a portfolio must be selected here-and-now that guarantees an income stream covering all scenarios, a spread of bonds not including the callable bond is optimal. At relatively small levels of risk, the callable bond becomes somewhat attractive as a alternative to the lower yielding bonds 6 and 7.
With risk unconstrained (we actually set the risk parameter at 500), the optimal choice is to eschew bond 8 and select instead the higher yield bond 4, despite the fact that it matures early. The optimal contingency plan under the low interest scenario is then to pump a total of $97.85M into the portfolio towards the end of the planning horizon.
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Interest Rate to be the average of the three interest rate scenario reinvestment rates. In version two, we chose the least favorable scenario (that is, the low interest rate scenario) as the one on which to base reinvestments. As the reader can see, the expected value models produced significantly different results than the stochastic models -for example, the callable bond 8 looks much more attractive in the deterministic, expected value models than it does in the stochastic models.
CONCLUSIONS AND AREAS OF FUTURE RESEARCH
The stochastic programming with recourse models that we have presented in this paper offer the portfolio manager new perspectives on selecting bonds for the portfolio. By explicitly describing all relevant scenarios of the future, and analyzing them from a global perspective, the manager can avoid unduly biasing the decision in favor of one scenario over another. The extremely conservative approach taken by some managers that reinvestments of cash surpluses will not yield any interest income can clearly be avoided. In any event, the manager can use the stochastic programming models to explicity evaluate the tradeoff between money invested here-and-now and expectations about additional money that will be needed to meet future liabilities.
Many straightforward extensions of the basic models are possible. Uncertainties about bond defaults, or mortgage backed securities, for example, could be included in our models. We are currently developing a stochastic programming model related to the ones described above for fixed income problems, such as bond selection, for mutual funds, where the goal is to maximize capital gains rather than to minimize the costs of meeting liabilities. We expect to complete a companion paper about that model in the near future.
At the technical modeling level, basic and applied research needs to be performed to evaluate the varied stochastic programming model approximations possible for dedicated and fixed income portfolio selection. As we pointed out, our main interest in modeling future uncertainties is to determine an optimal, or demonstrably good, here-and-now bond selection strategy. The impact of more or less detail about future uncertainties on the here-and-now strategy is not yet well understood. As the numerical examples illustrated, however, even the coarsest descriptions of future uncertainties allow a much richer analysis of the portfolio planning problems than purely deterministic models.
Finally, we look forward to a practical test of our new modeling ideas. Plans are underway to implement a large-scale version of the basic model. We hope to report on the results of this experiment in the near future.
DEDICATED PORTFOLIO SELECTION
